Well- posedness of the

weter-wave cquations

Lecture 9



p. Definitioms(Hadamard, 1908):
A rge tem of differential u;uatloN,
sleng with its initial &/ or
boundary conditions, ir well posed if
D a solution exirts;
%) the solution ic unique; and
3)the sedlution depends continuovel

on the bound ary S/or initia]l date.

2, If such a system of differential
cquations ir not well poved, then
3t e 1)l poved

3,

Global well-povedneswr v,

well peved for wOme finite time.



@: I+ wel-poredness of interest

'ﬂ" to puricte?

Wost a good pumerical code
exhibit any preblems of
ill~posedmness?

Counter-example:
Growth of o dendritic g,mlrtal
in & super cooled liguid®

A
Liquid wd
e O70

Kraskal & feg ur (1991) showed that

the "gcomstric model” har no

s0lutionrs.
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Well posednegsr of water-wave cquat igmy

A l.'t, w ork on initial-value problem:
@ Restricted mostly to 2-0 flows,
40 free ¢urface iv a /=D curve.

b) Convidered onlg small devtations

from a flat surface at t=o

2. Recent work (since 1999
) Sijue Wu (1997)
+ 2-D flows on deep waters with
N o surface tenvion
cShe proves well-povedneer for vom

finite time in Sebolev vpaces, given

o..-b‘,trnu-a initial cond. sn Sobelev ¢p,



L T e AR &
2. Recant work
) wWul/o99)
+3-Q flowr on deep water, with
neo surf ace tenvsion
cfhe provesr well povedness for

Finite dime in Jobolev vpaces, ag before

edbtannesr (2005
. 3~0 MHows on water of £inite
‘og(h, with no surface teneion
sDepth of quievcent depth, hix, gy,
is arb i(rnrs, but For one conetraint
cvses Zokharovy variables,
nix,y,¢) & Yix g0

cProves well-posednesr in
Jobeley Spaces
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2, Recent weork

d) Coutand b $hkoller

- 3-0® llou..;

. !"‘ oc without swrface tencion
8 proo Fe)

#‘ restricted to irrotational
= flows

« Preve well posed neer for

finite time in £obolev vpacer

with egtimal reg ula»ita
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How doer Lannes' work relate
to eor bier WOrk ba Zakharov?
LRecall I'¢ Formulation:
o Q'l,,t” location of frec surface

¥ix, g, 07 velocity pobential ot 22p

B2 evolution equations on gep:

o n =1 wnl® 2 ¢

4;3‘¢ = eee .

IIP)
¢) Dirichlet-to-Neumann map':
A ?]!-? * [! GO‘I"/’/‘[‘)’) w(/“/"/“""""

d) Zokharov used fact that G

exisrte b behaves tolerably.
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2, Lannesd Formulation
o) Alse uses Dirichlct-to-Neu mann map
% ’t-’. N G lx i pnp) Pla,7, ) dpudy
8 Important technical revult
by Lanr nes:
“befine € by
ay =8¢ Vsl 29 = VieqE ey dus
\\6 Y“"hi £ C u;"ﬂ,,«)ljl’ﬂ”"s&\v”u'w

*IV"'IHu.L]

BAJ confrull:'na 5, Lannee controle

7 & XY, » proves well -

p osed nesyw



